The nonlinear differential equations describing the nano boundary layer flow is investigated in this paper utilizing Chebyshev collocation scheme. The results obtained in this research are compared with those obtained by the other published works.
Introduction
The notion of a boundary layer was first introduced by Prandtl [1] over a hundred years ago to explain the discrepancies between the theory of inviscid fluid flow and experiment. In classical boundary layer theory, the condition of no-slip near the solid walls is usually applied. This because the fluid velocity component is assumed to be zero relative to the solid boundary. However, this is not true for fluid flows at the micro and nano scale. Investigations show that the condition of no-slip is no longer valid and instead, a certain degree of tangential slip must be allowed (see [2] ). In recent years, some interest has been given to the study of the nano boundary layer flow and some useful results have been introduced by the authors [3 -9] . In this paper, we consider the model proposed by Wang [7] describing the viscous flow due to a stretching surface with both surface slip and suction (or injection). As in Wang, we consider two geometries situations: (i) the two-dimensional stretching surface and (ii) the axisymmetric stretching surface. A similarity transform is applied in [7] to convert the Navier-Stokes equations into a third-order nonlinear ordinary differential equation given by
where m is a parameter describing the type of stretching. When m = 1, we have two-dimensional stretching, while m = 2, for axisymmetric stretching [7] . The existence and uniqueness results for each of the two problems were presented in Wang [7] along with some numerical results. The flow is subjected to the following boundary conditions:
where K > 0 is a non-dimensional slip parameter and s < 0 when injection from the surface occurs and s > 0 for suction. In order to solve the boundary value problem (BVP) given by (1) and (2), various numerical and analytical methods have been proposed. Van Gorder et al. [8] applied the homotopy analysis method to solve the BVP defined above. Also, they discussed the effects of the slip parameter K > 0 and the suction parameter s > 0 on the fluid velocity and on the tangential stress. As expected, they found that for such fluid flows at nano scales, the shear stress at the wall decreases (in an absolute sense) with an increase in the slip parameter K > 0.
The method used by Van Gorder et al. [8] for obtaining numerical solutions differs from that of Wang [7] in that they employed a boundary value problem solver, while Wang [9] converts the boundary value problem into an initial value problem first and then obtains a solution via the Runge-Kutta method. The results obtained by Van Gorder et al. [8] agree with those obtained by Wang [7] up to the number of decimal places provided. For instance, the numerical solutions for the shear stress at the surface f (0) are given to four decimal places in Wang [7] and to three decimal places in Wang [9] . In addition, Van Gorder et al. [8] considered up to 10 decimal places and the first few digits of their results agree with those of Wang [7, 9] .
In this paper, we aim to compare numerically obtained results by using the Chebyshev collocation scheme with those obtained by the other published works.
Previous Results
In this section we aim to report some previous results for (1) and (2) . At m = 1 and s = K = 0, Crane [10] gave the exact solution
At arbitrary values of s and K, Wang [7] obtained a solution in the form
where C is the positive root of the cubic equation:
When there is no suction, (4) reduces to that of Andersson [11] . Moreover, when there is no slip it reduces to that of Gupta and Gupta [12] . Finally, Crane's solution is recovered when both suction and slip are absent.
In the next section we shall introduce the Chebyshev pseudospectral method. We then apply it to solve the BVP given by (1) and (2) in a subsequent section.
The Chebyshev Collocation Method
A numerical solution based on Chebyshev collocation approximations seems to be a very good choice in many practical problems (as described in the literature review and for example in Canuto et al. [13] and Peyret [14] ). Accordingly, the Chebyshev collocation method will be applied for the presented model. The derivatives of the function f (x) at the Gauss-Lobatto points, x k = cos 
and 2, 3 , . . ., L − 1. The round off errors incurred during computing differentiation matrices D (n) are investigated in [15] .
Descriptions of the Method for the Governing Equations
In this section the third-order nonlinear ordinary differential equation (1), with boundary conditions (2) are approximated by using the Chebyshev collocation method [15 -21] . The grid points (x i , x j ) in this situation are given as 
satisfying the boundary conditions
The solution of the above equation (6) with boundary conditions (7), are obtained using the NewtonRaphson iteration technique and these are entered in Table 1 for different values of the governing parameters. The computer program of the numerical method was executed in Mathematica 5.2 TM running on a PC.
Van Gorder s k collocation collocation et al. [8] et al. [8] 
Van Gorder η collocation η collocation et al. [8] et al. [8] 
Van Gorder collocation collocation et al. [8] et al. [8] Table 2 . Numerical comparison with exact sloution of Van Gorder et al. [8] .
Conclusion
The third-order nonlinear boundary value problem describing the nano boundary layer flow has been investigated numerically by using the Chebyshev collocation scheme. It is found in this paper that the numerical results agree better with those obtained by using the homotopy analysis method for m = 1 compared to m = 2.
